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Abstract 

We derive the full Kaluza-Klein spectrum of type IIB supergravity compactified 

on AdS^xT 11 with T 11 = — ~- From the knowledge of the spectrum and 

general multiplet shortening conditions, we make a refined test of the AdS/CFT 
correspondence, by comparison between various shortenings of SU(2, 2|1) super- 
multiplets on AdS§ and different families of boundary operators with protected 
dimensions. Additional towers of long multiplets with rational dimensions, that are 
not protected by supersymmetry, are also predicted from the supergravity analysis. 
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1 Introduction 



One of the most fascinating properties of the AdS/ CFT correspondence |], §, |3|] is the deep 
relation between supergravity and gauge theory dynamics, at least in the regime where 
the supergravity approximation (small space-time curvature) is a reliable description of 
a more fundamental theory such as string or M theory [f|, ||. 

Although many tests have been performed in the case of maximal super symmetry, 
relating for instance, the dynamics of N coincident D3 branes (for large N) and type IIB 
supergravity compactified on AdSc, xS 5 |, much less is known on the dual theories for 
a lower number of supersymmetries |J, where the candidate models exhibit a far richer 
structure since they contain a variety of matter multiplets with additional symmetries 
other than the original /^-symmetry dictated by the supersymmetry algebra @. 

A particularly interesting class of models are obtained by assuming that S 5 is replaced 
by a five-dimensional coset manifold X 5 = G/H with some Killing spinors. As shown in 

|| there is a unique such manifold X5 = T pq = with p = q = 1, where 

p and q define the embedding of the H = U(l) group into the two SU(2) groups . The 
supergravity theory on AdS?, x T 11 is an M = 2 supergravity theory with a matter gauge 
group G = SU{2) x SU(2). The corresponding four dimensional conformal field theory 
must then be [[| an J\f — 1 Yang-Mills theory with a flavour symmetry G such that an 
accurate test of the AdS /CFT correspondence could be made using the knowledge of the 
entire spectrum of the supergravity side of this theory. 

The conformal field theory description of IIB on AdS§ x T 11 was constructed by 
Klebanov and Witten [[J and it was the first example of a conformal theory describing 
branes at conifold singularities. The same theory was later re-obtained by Morrison and 
Plesser [0] by adopting a general method of studying branes at singularities [0. Infact, 
under certain conditions, a conical singularity in a Calabi-Yau space of complex dimension 
n can be described by a cone over an Einstein manifold A^n-i- In the case of A5 = T 11 
such construction gives rise to a conformal field theory with "singleton" [12] degrees of 
freedom A and B each a doublet of the factor groups SU (2) x SU (2) and with conformal 
anomalous dimension Aa,b = 3/4. Moreover the gauge group Q is SU(N) x SU(N) and 
the two singleton (chiral) multiplets are respectively in the (N, N) and (N, N) of Q. 

An infinite set of chiral operators of this theory which are the analogue of the Kaluza- 
Klein (KK) excitations of the M = 4 Yang-Mills theory with SU (N) gauge group is given 
by Tr(AB) k with iZ-charge k and in the (§,§) representation of SU(2) x SU(2). The 
existence of this infinite family of chiral operators (massive M = 2 hypermultiplets in the 
supergravity language ) has been confirmed by Gubser |T3] by a study of the eigenvalues of 
the scalar Laplacian when performing harmonic analysis of IIB supergravity on AdS '5 x T 11 . 

Moreover the matching of gravitational and R-symmetry anomalies in the two theories 
have been also proved in ref. JTB| . 

This paper analyses the complete spectrum of the KK states on AdS^ x T 11 and infers 
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its multiplet structure as done in previous investigations for maximal supersymmetry. 
In that case the KK spectrum, analysed in terms of AdS representations in [14 , 15 1, 



was interpreted in terms of M = 1 conformal superfields in || and in terms of the 
M = 4 one in Jl6[ and ||l7fl . The multiplet shortening conditions can be inferred 



from the knowledge of all the mass matrices in the KK spectrum [fL9|, PQ] . In the case 
of the SU(2,2\1) superalgebra, the shortening is proven to correspond to three types of 
shortening of the appropriate representations, as discussed in [21| and |^2||: massless AdS 



multiplets, short AdS multiplets and semi-long AdS multiplets. These multiplets, in the 
conformal field theory language, correspond to respectively conserved, chiral and semi- 
conserved superfields which have all protected dimensions and which therefore correspond 
to very particular shortening conditions in the KK context. 

We show a full and detailed correspondence between all the CFT operators and the KK 
modes for the conformal operators of preserved scaling dimension. We also show that there 
exist other operators related to long multiplets but having non-renormalised conformal 
dimension. Interestingly enough, these operators seem to be the lowest dimensional ones 
for a given structure appearing in the supersymmetric Born-Infeld action of the D3-brane 
on AdS 5 x T 11 M, M, [25|, 



The paper is organised as follows. In section 2 the harmonic analysis of IIB super- 
gravity on AdS?, x T 11 is performed and the complete mass spectrum of the theory is 
exhibited. In sec. 3 properties of M = 1 four-dimensional supersymmetric field theories 
are recalled, in particular the superfield realisation of different short and long supercon- 
formal multiplets of the SU(2, 2|1) superalgebra. In sec. 4 a comparison of superfields of 
protected dimensions and states in the KK spectrum is made using the formulae giving 
the mass-conformal dimension relations as predicted by the AdS /CFT correspondence. 



2 Harmonic analysis on T 



n 



In this section we give a summary of the derivation of the full mass spectrum of Type 
IIB supergravity compactified on AdS?, x T 11 obtained by KK harmonic expansion on 
T 11 . Since our main goal here is the comparison of the mass spectrum with the composite 
operators of the CFT at the boundary of AdS$, we just sketch the general procedure and 
postpone a detailed derivation of our results to a forthcoming pubblication [^Tfl . Partial 



results were obtained in [13, 28] using different methods 



2.1 T 11 geometry 

Let us start with a short discussion of the T 11 geometry^. We consider two copies of 
SU(2) with generators Ta, Ta, (A = 1 . . . 3): 

[T A , T b ] = e AB C T C i [Ta, f B ] = e AB C f c . (2.1) 



For details about the notations and conventions see the appendix. 
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We decompose the Lie algebra G of SU (2) x SU (2) with respect to the diagonal generator 

T H = T 3 + f 3> (2.2) 



as 

G = H + K, (2.3) 

where the sub-algebra H is made of the single generator T# and the coset algebra K 
contains the generators 7$ (z = 1, 2), T s (s = 1, 2), and 

T 5 = T 3 - f 3 . (2.4) 

In terms of this new basis the commutation relations are 

i T i, T j] = ^ e ij( T H + T 5 ), [f s , f t ] = ^e st (T H - T 5 ), 
[T 5 , Ti] = [T H , Ti\ = £i j Tj, [T 5 , f s ] = [T H , f s ] = e s % (2.5) 
[T^t] = [T 5 ,T H }=0. 

We introduce the coset representative L of ^ - , Uh(1) being the diagonal 

subgroup of G generated by Th 

L(y l ,y s ,y 5 ) = expT^y 1 ■ expf s y s ■ expT 5 y 5 , (2.6) 

and construct the left invariant form on the coset 

LT x dL = uj% + u s f s + o/T 5 + oo H T H} (2.7) 

where the one-forms u s , u 5 , u H } satisfy the Maurer-Cartan equations 

du A + -C^lo^u 11 = 0, A,n,S = {i,s,5,H}. (2.8) 

The one-forms uj k = {u\ u s , u 5 } are K-valued and can be identified with the five vielbeins 
of G/H = T u , while u is H-valued and is called the ./^-connection of the coset manifold. 
It is convenient to rescale the u K and define as vielbeins V a = (V\ V s , V 5 ): 

V l = auj\ V s = bu s , V 5 = cu 5 , (2.9) 

where a, b, c are real rescaling factors which will be determined by requiring that T 11 is 



an Einstein space |29], p0[ . 

Once we have the vielbeins, we may construct the Riemann connection one-form 
B ab = —B ba (a, b — i, s, 5), imposing the torsion-free condition 

dV a - B ab V b = 0. (2.10) 
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By comparison with the M.C.E.'s ( |2.8|) , one finds 

/ «2\ 



B ij 



B st = -e 
B is = 0. 

Consequently, the curvature two-form, defined as 

R ab _ dB ab _ B a cB cb 
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i3 5i = — e lJ Vi, 
4c 



B 



5s 



6_ 2 

4c 



— e st ^. 



turns out to be 



R 13 

R st 

R is 
R i5 
R s5 



e ij e st V s V t , 



16 c 2 16c 2 



g 2 6 2 

16c 2 
a 4 

16c 2 



16c 2 



*T/5 



V*V 



v s v 5 . 



The Ricci tensors are now easily computed. We find 



R l 



-a 
2 



16c ; 



2 / 



\2 16c 2 / *' 



6! 



d5 _ « 
^ 5 ~~ £T~2' 

8 c" 1 



In order to have an Einstein space with Ricci tensor 



R\ = 2e 2 8l 



we must have 



a 2 = b 2 = 6e 2 , 



and c 



-e 2 . 



(2.11) 



(2.12) 



;2.13) 



(2.14) 

(2.15) 
(2.16) 



2.2 Harmonic calculus 

An essential tool for the computation of the Laplace-Beltrami invariant operators on T 11 
is the evaluation of the covariant derivative T> = (T>i, T> s , T>$). Starting from the definition 



V = d + B ab T ab = d + B, 

where T ab are the 5*0(5) generators written as matrices: (Tab) 
uj h + M, one can write 

V = V H + M, 



(2.17) 



\ cd 



Sab, setting B 



(2.18) 
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where the H-covariant derivative is defined by 



V H = d + u H (2.19) 
and the matrix of one-forms M can be computed from (|2.11 ) 



M ij = - ( c - — ) V 5 e ij , M 5i = ^e ij V h 
\ Ac) 4c 3 

M st =( c -^j V 5 e s \ M 5s = -^Vt, (2.20) 

M ls = 0. 

The usefulness of the decomposition Q2.18|) , (|2.19|) , (|2.20|) lies in the fact that the 
action of T> H on the basic harmonic represented by the T 11 coset representative L~ x can 
be computed algebraically. Indeed one has quite generally |K| [3l|] 

V H = -r(a)T a V a = -aiTiV 1 + f s V s ) - cT 5 V 5 } (2.21) 

where r(z) = r(s) = a, r(5) = c are the rescalings and T a are the coset generators of T 11 . 

In summary, the covariant derivative on the basic harmonic can be written as 
follows 

VL- 1 = (~r(a)T a V a + M ab T ab )L-\ (2.22) 
or, in components, using ( |2.20| ), 



-i 



VilT 1 = (-aTi-^nAL 
V S L- X = (-aTs + ^-ejT^L- 1 , (2.23) 
VsL- 1 = ^-cT 5 -2^c-^j(T 12 -T M ) ) jL- 1 . 

In a KK compactification, after the linearisation of the equations of motion of the 
field fluctuations, one is left with a differential equation on the ten-dimensional fields 

^!a!,a 2 ](^) 

(□i A ] + < 1 ^)<| iA2] (x,y)=0. (2.24) 

Here the field (fffl \ 2 i(x, y) transforms irreducibly in the representations [A] = [E , s±, S2] of 
SU (2, 2) ps 0(4, 2) and [Ai, A 2 ] of 5*0(5) and it depends on the coordinates x of AdS 5 and 
y of T 11 . D x is the kinetic operator for a field of quantum number [A] in five-dimensional 
AdS space and ISly is the kinetic operator for a field of spin [Ai, A 2 ] in the internal space 
T 11 . (In the following we omit the index [A] on the fields). 

Expanding 0[Ai,a 2 ]( :c ! y) in the harmonics of T 11 transforming irreducibly under the 
isometry group of T u , one is reduced to the problem of computing the action of M y on 
the harmonics, whose eigenvalues define the AdS mass. 
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My is a Laplace-Beltrami operator on T 11 and it is constructed, for every representation 
[Ai, A2], in terms of the covariant derivative on G/H. Since the covariant derivative acts 
algebraically on the basic vector or spinor harmonic L~ l (in terms of which any harmonic 
can be constructed), the problem of the mass spectrum computation is reduced, via 
(|2.22|) - ([2.23D to a purely algebraic problem. 



The explicit evaluation of the linearised equation (p.24 ) for the five-dimensional case 



has been given in [32| and we will adopt the same notations therein to denote the five- 



dimensional space-time fields appearing in the harmonic expansion. Note that (|2.24 ) has 
been evaluated in |32| around the background solution presented in ||: 



Fabcde — etabcde-, F^b — ^^bi 

F — —pf H m — —2p 2 ^ m (2 2^ 

B = A M n = 0, = X = 0, 

where the field F a b c de and F mnpqr is the projection on T 11 and AdS^ of the ten-dimensional 
five-form F defined as F = dA^, A4 being the real self-dual four-form of type IIB 
supergravity. The other fields of type IIB supergravity are: the metric Gmjv(i, 2/) with 
internal and space-time components g a p(y), g^{x) whose Ricci tensors in this background 
are given in ( |2.25| ) and the complex 0-form and 2-form B and Amn (the fermionic fields 
ipM and x are obviously zero in the background fl2.25|) ). 

2.3 Harmonic expansion 

The harmonics on the coset space T 11 are labelled by two kinds of indices, the first 
labelling the particular representation of the isometry group SU{2) x SU{2) x Ur(1) and 
the other referring to the representation of the subgroup H = UhO-)- The harmonic is 
thus denoted by Y^ l ' r \y) where j, I are the spin quantum numbers of the two SU(2) in 
a given representation, q is the UuiX) charge and r denotes the Ur(1) quantum number 
associated to the generator T 5 orthogonal to T#. We can identify r as the i?-symmetry 



quantum number [|13|, || 



Now we observe that UuiX) is necessarily a subgroup of 5*0(5), the tangent group 
of T 11 . The embedding formula of Uh(1) in a given representation of 50(5) labelled by 
indices A, E, is given by 0, |3l[ 



(T H )\ = C H ab (T ab )\, (2.26) 

where the structure constants Cn ab are derived from the algebra ( |2.5| ) and T ab are the 
50(5) generators. 

In the vector representation of 50(5) we find 



{Tn)ab — Cnab 



( €ij \ 
£st 

J 



(2.27) 
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while for the spinor representation we get 



(Th) 



r~i ab 



ab 



ab 



(lab) 



1 



(712 + 734) = i 



( 



V 



(2.28) 



-1 / 



where 7 are the 50(5) gamma matrices. 

The above results imply that an SO (5) field </>[Ai,A 2 ]( a; ) y) can De splitted into the direct 
sum of £7f/(l) one-dimensional fragments labelled by the Uh(1) charge q. From ( 2.27 ) and 
( |2.28|) it follows that the five-dimensional and four-dimensional SO (5) representations 
break under Uh(1) as 



5 -> 1© -1©1© -1©0 [Ai,A 2 ] = [1,0], 

4 -> 1©-1©0©0 [Ai, A 2 ] = [1/2, 1/2]. 



(2.29) 



From ( p.29| ) we easily find the analogous breaking law for antisymmetric tensors 
([Ai, A2] = [1,1]), symmetric traceless tensors ([Ai, A 2 ] = [2, 0]) and spin tensors ([Ai, A 2 ] = 
[3/2, 1/2]) by taking suitable combinations: 



10 
16 
14 



±1 
±2 
±2 



±1 
±2 
±2 



±2 
±1 
±2 



0©0©0 

±1©±1< 
±1 ©±1 ( 



)0 

±1 ©OffiOffiO 
0©0©0©0 



[Ai,A 2 ] 
[Ai,A 2 ] 
[Ai,A 2 ] 



1] 

1 

2,0]. 



3 1 

2' 2 



;2.30) 



of the 5*0(5) harmonics Kj^' A , 



Actually it is often more convenient to write down the harmonic expansion in terms 

whose fragments are the Y& l ' r ^ introduced before. 
x lt \ 2 ](x,y) can be expanded in these harmonics as follows 

\y), i2M: 



The generic field 



<f>cj>...( x >y) 



EE 

M ( m ) 



where a,b, . . . are SO(5) tensor (or spinor) indices of the representation [Ai, A 2 ], (u) is a 
shorthand notation for (j, I, r) and m labels the representation space of (J, I, r). In our case 
m coincides with the labelling of the Uh(1) fragments. It is well known |3(| |3TJ] that the 



irrepses of SU{2) x SU(2) appearing in the expansion ( 2.31 ) are only those which contain, 
when reduced with respect to Uh(1), a charge q also appearing in the decomposition of 
[Ai, A 2 ] under U H (l)- 

It is easy to see which are the constraints on j,l,r selecting the allowed representations 
(v) appearing in ( |2.31| ). We write a generic representation of 577(2) x SU(2) in the Young 
tableaux formalism: 

(j, I) = 



(2.32) 



2j 21 
A particular component of ( |2.32|) can be written as 



1 




1 


2 




2 


® 


1 




1 


2 




2 



(2.33) 



mi 



lli'2 



"I 



112 
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and we have 

J 2j = mi+m 2 
\ 2j 3 = m 2 -m 1 ' 

Furthermore (recalling the definitions ( |2.2|) - 




T B Y, 



UM 



1 q Y M 



(<?) 



irY, 



(?) 



n 1 + n 2 
n 2 - Tlx 



[2M) 



(2.35) 



Hence 



2j3 

2/3 



;2.36) 



Now we observe that as long as wi2 



q + r = m,2 — Wi, 
q — r = n% — n\. 

777.1 and 772 — rii are even or odd, the same is true for 
777! + 7772 and ri\ + 77 2 . Therefore the parity of 2j and 21 is the same as that of 2j 3 and 2l 3 
and since 2j 3 + 2/ 3 = 2g can be even or odd, the same is true for 2j + 21. It follows that 
j and I must either be both integers or both half-integers. This means that the q value 
of any ?7#(1) fragment of the SO(5) fields is always contained in any S'0(5)-harmonic in 
the irrep (j, I) provided that j and I are both integers or half-integers. Since q + r and 
q — r are related to the third component of the "angular momentum" of the two SU(2) 
factors, one also has the conditions |(7 + r| < 2j and \q — r\ < 21. The two above conditions 
select the harmonics appearing in the expansion. 

In order to be specific it is now convenient to list all the five-dimensional space- 
time fields appearing in the harmonic expansion together with the corresponding ten- 
dimensional fields, with AdS$ indices and/or internal indices, following the notations of 



32]| . We group them according to the appropriate SO(5) bosonic (Y) or fermionic (S) 
harmonic . 



10 D 
5 D 


H pu 


h a 

71 


A a bcd 
b 


B 
B 




Y 


10 D 
5 D 


ha/i 

B, 


A^abc 
<f>l* 








Y a 


10 D 
5 D 


A^uab 
b ± 


A ab 
a 








Y[ ab ] 


10 D 
5 D 


h a b 

4> 










Y { ab) 


10D 
5D 


X 
A 












10D 
5 D 












1 — ] a 



Table 1: Fields appearing in the harmonic expansion. 



Note that the ten-dimensional fields h^^(x,y), A^ up(T {x : y), A pupa (x,y) are not part of 



the above list since, as shown in |32||, they appear algebraically in the linearised equations 



of motion and thus can be eliminated in terms of the other propagating fields. 
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To obtain the mass spectrum of the above fields we must apply the Laplace-Beltrami 
operator to the harmonic expansion. We list such operators for the S'0(5)-harmonics^| 



Y W) . 

[Ai,Aa] ' 





= DY, 


(2.37a) 


^y Y [i,o] 


= 2V a V [a Y b] , 


(2.37b) 




= *dY ab V a V\ 


(2.37c) 




= 3V c V [c Y ab) , 


(2.37d) 


2/^1/2,1/2] 


= pE, 


(2.37e) 


y y [3/2,i/2] 


= i abc v b ~ c . 


(2.37f) 



The explicit computation of the mass matrices derived from the above Laplace- 
Beltrami differential operators will not be worked out here and we refer the interested 
reader to . We can give however in the simplest couple of examples of the 



computation. 

2.4 The scalar harmonic 

The case involving scalar harmonics K^o? = Yq=o is straightforward. In this case the 
five-dimensional invariant operator is simply the covariant laplacian: 

□ = V a V a = V% + V S V S + V 5 V 5 . (2.38) 

From (|2.27|) and the fact that T ab L~ l = T ab Y^ = 0, we obtain the following result 

UY**£ = (-a\T t T t + T S T S ) - c 2 T 5 T 5 )Y^ r , (2.39) 



Let us now evaluate Q2.39[ ). We set 



Ti = --ai, T s = --&„ (2.40) 

T 5 =T 3 -T 3 = ^(a-3-0-3), 

where a and a are ordinary Pauli matrices. Using the relations 

<t 1 [T] = [2] a{T\=-(T\ a{T\ = \T] (2.41) 

< 7 1 [2] = |T] < t 2 [2] = (T] a 3 \J]=-\J] (2.42) 



6 Notice that the operator on the two-form Y — Y ab V a V b is of the first order, like the fermionic ones. 
Indeed it is the square root of the usual second order operator T> a V[ a Y bc y. 

V a V [a Y bc] V b V c = ^*d*d(Y ab V a V b ), 

where 

*dY = ^e ab cde V c Y de V a V b . 
Hence he ab cde V c Y de = ±iV3y/WV^Y ab] . 
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(the same is true for a) and observing that on a Young tableaux the cr's act like a derivative 
(Leibnitz rule), we find on the first tableaux of ( (2.33|) 



(01(71 + a 2 (T2 



(2m 1 (m 2 + 1) + 2m 2 (m 1 + 1)) 
4(J(J + 1)-(J3) 2 ) 



(2.43) 



An analogous result holds when acting with <J\0\ + 02O2 on the second tableaux of (|2.33f ). 
with j *->■ I. 

Furthermore, the eigenvalue of (03 — (T3) 2 on (|2.33| ) is 



(m 2 -m 1 +n 2 - nif = 4(j 3 + l 3 ) 
For a scalar, q = and so, from (|2.36| ), we have 

jz = ~h = r/2. 

Therefore, we find 



ur (o) 



a 2 j(j + 1) + b 2 l{l + 1) + (4c 2 -a 2 - b 2 )- 



Y, 



(0) 



Substituting the values of a, b and c given in ( j2.16| ), we obtain 



(0) 



□y,r^fi (i,/,r)y ( 



(J'.l,r) 
(0) > 



where 



H (j,l,r) = 6[j(j + l) + l(l + l)-- 



(2.44) 



(2.45) 



;2.46) 



;2.47) 



(2.48) 



is the eigenvalue of the Laplacian. The same result was first given in |13| using differential 
methods. 

When the harmonic is not scalar, q 7^ 0, the computation of the Laplace Beltrami 
operators is more involved since the covariant derivative (|2.23|) is valued in the SO(5) Lie 
algebra in the given representation [Ai, A2]. 

2.5 The spinor harmonic 

We give as a further example the action of the ^operator on the spinor representation of 
SO (5). From (fZ23| ) we have 



p = rV a = l l ( ~aT t - Y c e ^ 3 ) + ^ S [ ~ aTs + Yc est ''' ' 



+ 7 M_ c t 5 -2(c--J(Ti 2 -T 3 4) 



;2.49) 
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where T a b are the SO (5) generators in the spinor representation. A straightforward com- 
putation gives 



V- 



( 



\ 



icT 5 t 2 + j^— + cj a 3 
2 (a% + a 3 fx + it 2 f 2 



—icT 5 t 2 



\ 



J 



(2.50) 



When substituting the values of c and a in the matrix ( |2.50| ) we note that ( j2.16| ) 
defines them only up to a sign. The right choice is dictated by supersymmetry. Indeed, 
the existence of a complex Killing spinor r](y) generating M = 2 supersymmetry in AdS§ 
implies that it must have the form 



( k \ 
I 


V o J 



k,leC 



(2.51; 



since, being an SU(2) x SU(2) singlet, it must satisfy T H r] = (see ( |2. 28| ) ) . At this 
point the Killing equation Tf)r] = \er\ can be computed from ( [2.50|) observing that on an 
SU(2) x SU(2) singlet the T a generators have a null action and thus, using ( |2.51| ), 

2 \ \ 

5 



V 





V o o 

This gives the correct value only if we choose / = and 

3 



erj. 



(2.52) 



(2.53) 



while the sign of a = ±v^6e is unessential. 

Recalling the meaning of c as the rescaling of the vielbein V 5 , we conclude that T 11 ad- 
mits a Killing spinor, leading to M = 2 supersymmetry on AdS^, only for one orientation 
ofT 11 . To compute the mass matrix, we write ( [2.50|) as an explicit 4x4 matrix 



P- 



where we have set 



Tp acts on the harmonic H 



—i-T 5 + - 
2 2 





Vqt + 




-? 




Vqt + 


-y/6T_ 




2 2 






-V6T_ 


—11 5 

2 







Vqt + 





-lie. 

2 5 


T ± = T 1 ± %T 2 




= ft ± if 2 





(2.54) 



( y <°> \ 



(3,1) 



as a matrix whose entries are operators. 
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Since the harmonics are really defined up to a constant, the operatorial matrix ( 2.54Q 



can be replaced by a numerical one, simply obtained by substituting in each entry the 
values of the T-operators on the harmonics. By diagonalization of this matrix one gets 
the eigenvalues which are related to the fermion masses by numerical shifts. Analogous 
procedure can be used for all the other invariant operators. In general the matrices can 
become very large depending on the number of fragments in the decomposition of 

[Ai,A 2 ]. Leaving further explanations and all the details to the forthcoming paper [^7|, 
we now quote the results for the mass spectrum. 

2.6 Spectrum and multiplet structure 

• We begin by the spectrum deriving from the scalar harmonic that appears in 
the expansion of the ten-dimensional fields h^ u (x,y), B(x,y), h a a (x,y), A a t, cc i(x,y) 
and A^ v . The masses of the corresponding five-dimensional fields (see table ( |2.3|) ) 
are thus given in terms of the scalar harmonic eigenvalue H (j, I, r) given in ( |2.48| ). 
They are 

m 2 {H^) = H , (2.55) 
m 2 (B) = Ho, (2.56) 



m 2 (n,b) = # + 16 ± 8/ff + 4, (2.57) 

m 2 (<V) = 8 + # ± V#o + 4 . (2.58) 

Note that while the laplacian acts diagonally on the AdS$ fields H^ u (x) and B(x), 
the eigenvalues for tt(x) and b(x), which appear entangled in the linearised equations 



of motion ||32|| , ||33|| , have been obtained after diagonalisation of a two by two matrix. 
With an abuse of notation, in tables 2-10 we will call n, b the linear combinations 
given by the plus or minus signs in (|2.57|) . 



For the vector harmonic we have found four eigenvalues 



A [li0] = {3 + H (j, l,r±2),H + A± 2^f H + 4}. 
and the mass spectrum of the sixteen vectors is thus 



m 



Ho(j, l,r±2) + 7 ±4 ^^0 + 4 
fl M ,¥V) = <J Hp + 12 ± 6 y/ffo + 4 (2.60) 
H + 4 ± 2V#o + 4 

In fact, as the Laplace-Beltrami operator acts diagonally on the complex vector field 
a^{x) we get for it eight mass values . Furthermore, the vectors B^(x), y^(x) get 
mixed in the linearised equations of motion, and upon diagonalisation we find two 
extra masses for each eigenvalue. Here also we use the same names for the linear 
combinations with plus or minus sign respectively in the mass formulae ( |2.60| ) . 
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For the antisymmetric tensor harmonics we get six eigenvalues from the Laplace 
Beltrami operator *d 

A[i,i] = [i (l ± ^H (j,l,r±2)+4j , ±iyj H + 4^ . 



and the masses 

' #o + 4 

™ 2 (W = #o + 4 , (2.61) 

5 + tf (j, Z, r ± 2) ± 2^ (j, /, r ± 2) + 4 

m (G) = 1 lfo(,\ / , r ± 2) + 1 ± 2 y /H (j,l,r±2) + i " ^ 
• The spinor harmonics eigenvalues of Tf) are synthetically 

^,i ] ={4 ± v / ^( r±i )+ 4 }- 

The masses for the spinors and gravitinos are given in terms of Tf) by a numerical 
shift 

5 

gravitino : m(^) = |>- -; 

dilatino : m(X) = Tp + 1; ( 2 - 63 ) 
longitudinal spinors: m(ip^) = Tp+ 3; 

We have not yet calculated either the eigenvalues of Tf) corresponding to the vector-spinor 
harmonic E a which produce AdS 5 spinors or the eigenvalues of the symmetric trace- 
less harmonic Y^y However, we know a priori how many states we obtain in these two 
cases, and by a counting argument we can circumvent the problem of the explicit com- 
putation of the eigenvalues of their mass matrices. For the vector-spinors we have in 
principle a matrix of rank 20, that becomes 16 x 16 due to the irreducibility condition, 
and further gets to 12 x 12, once the transversality condition V a E a = is imposed. In 
this way we are left with 12 non-trivial (non longitudinal) eigenvalues and thus we ex- 
pect 12 ^ spinors. In an analogous way, the traceless symmetric tensor VA^ gives a 
14 x 14 mass-matrix out of which five eigenvalues are longitudinal leaving 9 non-trivial 
eigenvalues . 

If we match the bosonic and fermionic degrees of freedom including the 12 + 12 (right) 
left-handed spinors and the 9 real fields (ft of the traceless symmetric tensor we find 
128 bosonic degrees of freedom and 128 fermionic ones. Therefore, once we have correctly 
and unambiguously assigned all the fields except the and <fi to supermultiplets of 
S'L r (2,2|l), the remaining degrees of freedom of ^Jj^ and are uniquely assigned to the 
supermultiplets for their completion. 

In tables 2-10 we have arranged our results in S77(2, 2|1) supermultiplets by an ex- 
austion principle, starting from the highest spin of the supermultiplet. Each state of such 
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multiplets is labelled by the SU (2, 2) quantum numbers (E , s 1; s 2 ) other than the internal 
symmetry attributes (j,l,r). As explained in section 3, Eq, the AdS energy, is identified 
with the conformal dimension A. Taking into account the Eq value of each state and 
its .R-symmetry, we are able to fit unambiguously every mass at the proper place. For 
this purpose it is essential to use the relations between the conformal weights A and the 
masses given by 



spin 2 
spin 3/2 

spin 1 
two-form 
spin 1/2 

spin 0: 



A = 
A = 
A = 
A = 
A± 



2 + ^4 + m\ 2) 
2 + \m im + 3/2 1 
2 + yjl + m 2 (1) 
2 + |m (2/) | 
2 ± |rn ( i/ 2 )| 



(2.64) 



2 ± J A + ml 



(o) 



(where A is equal to the Eq value of the state). The sign ambiguity in the spin (0,|) 
dimensions is present because the unitarity bound E > 1 + s allows the possibility 
Eq < 2 for such states. The spin case and its implications were analysed in |Q and 
noticed also in [^2|. There is no such ambiguities in all the other cases. 

In the theory at hand, the chiral primary Tr(AB) has the scalars with Eq — |, 
Eq + 1 = | coming from the A± dimensions of the same k — 1 mass value. The fermionic 
partner is massless so there are no fermions with Eq < 2. 



We have found nine families of supermultiplets: one graviton multiplet, four gravitino 
multiplets and four vector multiplets which are reported in tables 2-10. 
These are organised as follows. 

In the first column we give the (si, s 2 ) spin quantum numbers of the state. 

In the second column we give the E value of the state, where, according to the 
standard nomenclature, the value of Eq is referred to as the Eq of the multiplet and 
belongs to a vector field, a spin 1/2 field or to a scalar field for the graviton, gravitino 
and vector multiplets respectively. The other states have an Eq value shifted in a range 
of ±2 (in 1/2 steps) with respect to the Eq of the multiplet. 

In the third column we write the .R-symmetry of the state where the value r is assigned 
to the highest spin state (r = r ft,s '), the other states having .R-symmetry shifted in a range 
of ±2 (in integer steps). 

In the fourth column we give the right association of that particular SU(2,2\1) state 
to the field obtained from the KK spectrum, according to the notations explained above. 

In the fifth column we give the mass of the stateQ in terms of the ubiquitous expression 
Hq, where Hq is evaluated at a value r corresponding to that .R-symmetry of the multiplet 



7 Accordingly to ( 2.64 ) we give here the mass for the fermion and two-form fields, while for all the 
other bosons we give the mass squared. 
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defined as the 77-symmetry of the highest spin r = r h - s \ We note that in all the formulae 
giving the mass spectrum (|2.55| )- (|2.63|) , the i?-symmetry r refers to the particular state 
we are considering. There, Hq appears to have dependence on the r of the state which 
is different for different states. However, when arranging the states in supermultiplets of 
S77(2,2|l), it is convenient to express the r of the state in terms of the 77-symmetry of 
the supermultiplet r = r h,s \ defined as the 77-symmetry of the highest spin. In this case, 
all the masses can be expressed in terms of an H which has the same dependence on 
r = r for all the members of the multiplet. For the graviton multiplet and the first two 
families of vector multiplets all the masses are written in terms of H = H (r); for the 
(left) gravitino multiplets all the masses are given in terms of = Ho(j, I, r ± 1) and for 
the last two families of vectors all the masses are given in terms of if ±± = H (J, l,r±2). 
Indeed, if we compute the conformal weight A of the state from the mass values, it turns 
out to be expressed in terms of Hq, H^, which are the same for every state of the 
multiplet, as it must be. Of course, the value of A in terms of Hq, Hq, can be 

computed from (|2.64j ) and we have given for each multiplet the conformal weight of the 



lowest state labelled by E in terms of H . 

The multiplets of Tables 2-10 are long multiplets of SU{2, 2| 1) when the 517(2) x SU{2) 
quantum numbers j, I and the i?-symmetry values are generic. However, it is well known 
from group theory || 22 that shortening of the multiplets can occur in correspondence 



with particular values of the SU(2, 2|1) quantum numbers giving rise to chiral (•), semi- 
long (*) or massless (o) multiplets. The above symbols have been used in the colums at the 
left of the tables to denote the surviving states in the shortened multiplets. In particular, 
the absence of these symbols in table 4 means that no shortening of any kind can occur for 
the gravitino multiplet II. Notice that shortenings are indicated only for positive values of 
the (shifted) 77-symmetry r, namely when r satisfies the following inequalities (see section 
4) 



r 


> 


Tables 2, 7, 8 


r + 1 


> 


Tables 4, 5 


r — 1 


> 


Tables 3, 6 


r + 2 


> 


Table 9 


r - 2 


> 


Table 10. 



(2.65) 

In fact, these shortened multiplets are the most interesting in light of the correspondence 
with the CFT at the boundary. We give the discussion of the shortenings in section 4, 
after a preliminary introduction to the representation of super conformal superfields in 
CFT and the discussion of the conformal operators of protected scaling dimensions. 
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Table 2: Graviton Multiplet E = 1 + V#o + 4. 







(si,s 2 ) 


1 A 
^0 


R-symm. 


field 


Mass 


o 




(1,1) 


E + l 


r 




H 







(1,1/2) 


E + 1/2 


r — 1 




-2 + V#o + 4 





* 


(1/2,1) 


E + 1/2 


r + 1 




-2 + Vtfo + 4 






(1/2,1) 


E + 3/2 


r - 1 




-2 - ViJo + 4 






(1,1/2) 


E + 3/2 


r + 1 




-2 - V#o + 4 





* 


(1/2,1/2) 


E 


r 




#0 + 4 - 2V#o + 4 






(1/2,1/2) 


E + l 


r + 2 




#o + 3 






(1/2,1/2) 


E + l 


r - 2 




#o + 3 






(1/2,1/2) 


E + 2 


r 


B, 


#0 + 4 + 2v/# + 4 






(1,0) 


E + l 


r 




V#o + 4 






(0,1) 


E + l 


r 




-V#o + 4 






(1/2,0) 


E + 1/2 


r + 1 


Al 


1/2 - V#o + 4 




* 


( 0,1/2) 


E + 1/2 


r - 1 


\r 


1/2 - v/# + 4 






(1/2,0) 


E + 3/2 


r - 1 


Al 


1/2 + Vtfo + 4 






(0,1/2) 


E + 3/2 


r + 1 


Ar 


1/2 + V^o + 4 






(0,0) 


E + l 


r 


5 


#0 



Table 3: Gravitino Multiplet I E = ^ H ~ +4 - 1/2 







(si, s 2 ) 




i?-symm. 


field 


Mass 






(1,1/2) 


£ + l 


r 




-3 + ^+4 




-k 


(1/2,1/2) 


£ + 1/2 


r + 1 




iJ - + 7-4^iJ -+4 




•k 


(1/2,1/2) 


E + 3/2 


r — 1 


<V 


ff - + 4-2^ " + 4 


• 


-k 


(1,0) 


E + 1/2 


r — 1 




2-y/Ho+A 






(1,0) 


£ + 3/2 


r + 1 




l-Vtf - + 4 


• 


-k 


(1/2,0) 


E 


r 


1 (T) 


-5/2 + ^+4 


• 


-k 


(1/2,0) 


Eo + 1 


r - 2 


/ (T) 


-3/2 + ^+4 




-k 


(0,1/2) 


Eo + 1 


r 


A fi 


3/2-^+4 






(1/2,0) 


Eo + 1 


r + 2 


/ (T) 


-3/2 + ^+4 






(1/2,0) 


E + 2 


r 


/ (T) 


-1/2 + ^+4 


• 


-k 


(0,0) 


E + 1/2 


r — 1 


a 


// - + 4-4 v /// - + 4 






(0,0) 


E + 3/2 


r + 1 


a 


H - + 1-2^H +4 
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Table 4: Gravitino Multiplet II E = 5/2 + yjH£ + 4 



(si,s 2 ) 


r-i S 
#0 


i?-symm. 


field 


Mass 


(1,1/2) 


£ + l 


r 




1 — 7 

-3- + 4 


(1/2,1/2) 


£ + 1/2 


r + 1 




i — ; 


(1/2,1/2) 


£ + 3/2 


r — 1 




i / i 
tf + + 7 + 4 v /tf + + 4 


(1,0) 


£ + 1/2 


r — 1 




l + /ff + + 4 


(1,0) 


E + 3/2 


r + 1 




2 + /ff + + 4 


(1/2,0) 


E 


r 


(n~<\ 


1 ; 

-1/2 - + 4 


(1/2,0) 


E + l 


r-2 


l(T) 


-3/2 - sjHt + 4 


(0,1/2) 


E + l 


r 


\r 


3/2 + + 4 


(1/2,0) 


E + l 


r + 2 


YL 


-3/2 - y^ + 4 


(1/2,0) 


E + 2 


r 


l(T) 


-5/2- V#o + + 4 


(0,0) 


E + 1/2 


r — 1 


a 


iJ + + l + 2^i/ + + 4 


(0,0) 


E + 3/2 


r + 1 


a 


tf + + 4 + 4y / tf + + 4 



Table 5: Gravitino Multiplet III £ = -1/2 + y / F + + 4 





(si,s 2 ) 


E^ 


i?-symm. 


field 


Mass 




(1/2,1) 


Eo + 1 


r 




-3 + v/#o + + 4 




(1/2,1/2) 


E + 1/2 


r — 1 




^ + 7-4^ + 4 




(1/2,1/2) 


E + 3/2 


r + 1 




F + + 4-2v/iJ + + 4 




(0,1) 


E + 1/2 


r + 1 








(0,1) 


E + 3/2 


r — 1 




l_y# + + 4 


* 


(0,1/2) 


Eq 


r 




-5/2 + ^+ + 4 




(0,1/2) 


E + l 


r + 2 




-3/2 + y^ + 4 




(1/2,0) 


E + l 


r 




3/2-^ + + 4 




(0,1/2) 


E + l 


r-2 




-3/2 + ^ + 4 




(0,1/2) 


E + 2 


r 




-1/2 + ^ + 4 




(0,0) 


E + 1/2 


r + 1 


a 


#+ + 4-4^ + 4 




(0,0) 


E + 3/2 


r — 1 


a 


tf + + l-2/ff + + 4 
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Table 6: Gravitino Multiplet IV E = 5/2 + ^ Hq + 4 





(si,s 2 ) 


^0 


E-symm. 


field 


Mass 


* 


(1/2,1) 


E + l 


r 




-3-^o"+4 




(1/2,1/2) 


E + 1/2 


r — 1 




^-+4 + 2^+4 




(1/2,1/2) 


E + 3/2 


r + 1 




H +7 + a[/h +4 


-k 
* 


(0,1) 
(0,1) 


Eo + 1/2 
E + 3/2 


r + 1 
r — 1 




1 + ^/H +4 

2 + ^ + 4 


* 


(0,1/2) 


Eo 


r 




-1/2-^+4 




(0,1/2) 
(1/2,0) 


E + l 
E + l 


r + 2 
r 


At 


-3/2-^+4 
3/2 + ^ + 4 




(0,1/2) 


E + l 


r - 2 




-3/2 - y/H» + 4 




(0,1/2) 


E + 2 


r 


<> 


-5/2-^+4 




(0,0) 


Eo + 1/2 


r + 1 


a 


H - + l + 2yjH - + A 




(0,0) 


Eo + 3/2 


r — 1 


a 


E " + 4 + A^Ho + 4 



Table 7: Vector Multiplet I E = y/H + 4 - 2 









(si,s 2 ) 


^0 


E-symm. 


field 


Mass 


o 






(1/2,1/2) 


E + l 


r 




E + 12 - 6V#o + 4 


o 


• 




(1/2,0) 


Eo + 1/2 


r — 1 


4>f> 


7/2 - V^o + 4 


o 




* 


(0,1/2) 


E + 1/2 


r + 1 




7/2 - y/H G + 4 






* 


(0,1/2) 


Eo + 3/2 


r- 1 




5/2 - V^o + 4 








(1/2,0) 


Eo + 3/2 


r + 1 




5/2 - V#o + 4 


o 


• 




(0,0) 


Eo 


r 




Eo + 16 - 8V^o + 4 




• 




(0,0) 


£o + l 


r - 2 




E + 9 - 6VE + 4 








(0,0) 


E + l 


r + 2 




E + 9 - 6VE0 + 4 








(0,0) 


E + 2 


r 




E + 4 - 4v/E + 4 
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Table 8: Vector Multiplet II E = V#o + 4 + 4 





(si,s 2 ) 


E 


i?-symm. 


field 


Mass 






(1/2,1/2) 


E + l 


r 




Ho + 12 + 6V#o + 4 






(1/2,0) 

(0,1/2) 
(1/2,0) 


Eo + 1/2 
&o -\- 1/ z 
E + 3/2 
Eo + 3/2 


r — 1 

rr. 1 1 

r -+- i 
r — 1 
r + 1 


7/; (L) 


5/2 + V#o + 4 
o/z -+- y no -\- 4 
7/2 + ViJo + 4 
7/2 + + 4 






(0,0) 
(0,0) 
(0,0) 
(0,0) 


Eo 
Eo + l 
Eo + l 
Eo + 2 


r 

r - 2 
r + 2 
r 





7T 


H + 4 + 4V#o + 4 
#o + 9 + 6V#o + 4 
#o + 9 + 6V# + 4 
+ 16 + 8ViJo + 4 






Table 9: Vector Multiplet III 


E = yjH ++ + 4 + 1; 






(Si,8 2 ) 




i?-symm. 


field 


Mass 




(1/2,1/2) 


Eo + l 


r 




+ 3 




(1/2,0) 


Eo + 1/2 


r - 1 


vi T) 


-1/2 + V / #o ++ + 4 




• 


(0,1/2) 
(0,1/2) 
(1/2,0) 


Eo + 1/2 
Eo + 3/2 
Eo + 3/2 


r + 1 
r - 1 
r + 1 


</i T > 

/CO 


-l/2 + V / iJ ++ + 4 
l/2 + /ff ++ + 4 

1/2 + y/H^ + A 




• 


(0,0) 
(0,0) 
(0,0) 


Eo 
Eo + l 
Eo + l 


r 

r - 2 
r + 2 


a 





H ++ + 1 - 2^ ++ + 
Ho ++ 
Ho ++ 


4 


• 


(0,0) 


Eo + 2 


r 


a 


H ++ + l + 2^H ++ + A 



Table 10: Vector Multiplet IV E = Jh^~ + 4 + 1 









E o 


i?-symm. 


field 


Mass 






(1/2,1/2) 


Eo + l 


r 


dp 


// - + 3 


• 


* 


(1/2,0) 


Eo + 1/2 


r - 1 




-1/2 + ^"- + 4 




* 


(0,1/2) 


Eo + 1/2 


r + 1 




-1/2 + ^- + 4 






(0,1/2) 


Eo + 3/2 


r - 1 


Vi T) 


1/2 + ^- + 4 






(1/2,0) 


Eo + 3/2 


r + 1 


/CO 

ri 


1/2 + ^-- + 4 


• 


* 


(0,0) 


Eo 


r 


a 


H - + l-2yjH - + 4 


• 




(0,0) 


Eo + l 


r - 2 


B 


#o" 






(0,0) 


Eo + l 


r + 2 





#o" 






(0,0) 


Eo + 2 


r 


a 


tf - + 1 + 2^0" +4 



19 



3 CFT and 577(2, 2|1) representations 
3.1 SU(2, 2|1) conformal superfields 

The AdS/CFT correspondence 0, gives a relation between the particle states in 
AdSs, classified in this case by the 577(2, 2|1) superalgebra and the realisation of the very 
same representations |2], ^, 12] in terms of conformal fields on the boundary M4 = dAdS$. 

In this way, the highest weight representations of SU(2,2\1) correspond to primary 
superconformal fields on the boundary and a generic state on the bulk, labelled by four 
quantum numbers @, [3|, H v ( E v, «i, s 2 \r) related to U(l) x 577(2) x 517(2) x £/ R (l) c 
SU(2, 2) xC/r(1), is mapped to a primary conformal field Or g '* ' S2 -\{%) with scaling dimension 
A = Eo, Lorentz quantum numbers (si,s 2 ) and i?-symmetry r. E is the Ai5 energy 
level and its relation to the AdS mass depends on the spin of the state. We recall here 
the relevant cases |3|, |^, [L6| 



(2' 2) 


2 

m 


= (E -l)(E -3) 


(0,0) 


2 

m 


= 77 (77 -4) 


(1,0), (0,1) 


2 

m 


= (E -2f 


(1,1) 


2 

m 


= 77 (77 -4) 


|,o), (0,|), ) 

1,1), (1,1) J 


m 


= \Eq-2\. 



(3.1) 



It is crucial in our discussion to classify states corresponding to short multiplets be- 
cause in this case the conformal dimension A is protected and it allows a stringent test 
between the supergravity theory and the conformal field theory realisation. Here, pro- 
tected means that A is related to the -R-charge which is quantised in terms of the isometry 
generator of Ur(1). However, we note that unlike the Af = 4 theory |24|, |36|, operators 



with protected dimensions have conformal dimension different from their free-field value. 

Af = 1 superfields with protected and unprotected dimensions have been discussed 
by many authors || [5], 37]. We would like to remind here just their field theory 



realisation, which will become especially important in comparing conformal operators 
with the particular model described by the IIB theory compactified on AdS$ x T 11 . 

A generic conformal primary superfield is classified by an 57(2, C) (si,S2) represen- 
tation, a dimension Eq and an 7?-symmetry charge r. These are the quantum numbers 
of the •& = component of the superfield. All descendants are given by the expan- 
sion which also dictates their spin, i?-symmetry r and scaling dimension A, since d a has 
(sx,s 2 ) = (|,0), A = —1, r — 1 (so has (si,s 2 ) = (0,1), A = -f, r = -1). For a 
generic primary conformal field the dimension is not protected since it can take any value 
A > 2 + si + s 2 (sis 2 7^ 0) or A > 1 + s (s\s 2 = 0) due to unitarity bounds of the irrepses 
of SU(2, 2) |44| . SU(2, 2|1) requires the additional unitarity bounds 

2 + 2 Sl - E < ^r < E - 2 - 2s 2 , (3.2) 
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Eq > 1 + s (Eq — §|r|), Eq = si = s 2 = r = (identity representation), which restrict 
the allowed values of the i?-symmetry charge |22], |34], [35| . 



Operators with protected dimensions fall in four categories (as discussed in [|[ |22|, |3?H ) 

1. Chiral superfields: S They satisfy the condition 

DaS {ai ... a2si) (x,$,$) = 0. (3.3) 

2/2 \ 
For them s 2 = (si = if antichiral) and r = - A (r = — -A if antichiralj. These 

superfields contain the (massless on the boundary) free singleton representations for 
A = 1 + s. These multiplets have 4 (2s + 1) degrees of freedom. 

2. Semichiral superfields: U oll ___ a2sii a 1 ...a 2s2 They satisfy the condition 

l>-J'.\-...<-,,.,..n : ...,>... (x, ■&, 0) = 0, (3.4) 

2 

and for them r = -(A + 2s 2 ). If s 2 = the above superfield becomes chiral. For 
3 

example s 2 = \ would correspond to semichiral superfield whose lowest component 

2 1 

is a right-handed spin 1/2 and its highest spin is a vector field with r = -A — — . 

3. Conserved superfields: J( Sl ,s 2 ) They satisfy 

D 1 J ai ...a2 Sl ,ai---a2s 2 \ X i ") = 0' (3-5) 

and 

£> Al J ai ... a2sijAl ... d2s2 (x,A^) = 0, (3.6) 

2 

(or D 2 J ai ^ a2si = if s 2 = 0) and for them r = -(s\ — S2), A = 2 + si + s 2 . 

o 

4. Semi— conserved superfields: Lr sl S2 ) They satisfy 

D ai L ai „ M2g ^ t a 1 ...a 2 s 2 ( X ; ^) = 0; (3-7) 

or 

D 2 L ai ... a2si (2, 0, 0) = for s 2 = 0. (3.8) 
2 

Their i?-symmetry is r = -(A — 2 — 2s 2 ). A semi-conserved superfield becomes 

3 

conserved if it is left and right semi-conserved in which case A = 2 + si + s 2 and 
r = -{si - s 2 ). 

Operators of type 1) 2) and 4) have protected (but anomalous) dimensions in a non- 
trivial conformal field theory. They are short or semishort because some of the fields in 



the expansion are missing. In the language of p2| the 1) and 2) superfields correspond 
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to the shortening conditions n\ = (nj" = 0), 3) correspond to n{ = n 2 = and 4) to 
n 2 = (% = 0). 

In the AdS/CFT correspondence all these superfields correspond to KK states with 
multiplet shortening and typically they occur when there is a lowering in the rank of 
the mass matrix and rational values of E are obtained. Conserved current multiplets 
correspond to massless fields in AdS$. They can only occur for fields whose mass is 
protected by a symmetry (such as gauge fields) and there is only a finite number of them 
corresponding to the gauge fields of the SU(2, 2|1) x SU{2) x SU{2) algebra and possibly 
Betti multiplets |38], |39| . While the massless vectors of the isometry group correspond to 
the Ur{1) and flavour symmetry of the boundary gauge theory, the Betti multiplet, as 
recently shown by Klebanov and Witten ||33|| , corresponds to the £4(1) baryonic current 
multiplet of the boundary CFT. There are also two complex moduli related to B and 
A a j, wrapped on a 2-cycle of T 11 ||, giving two hypermultiplets with E = 3 and r = 2. 
Massive KK states with arbitrary irrational value of E correspond to generic conformal 
field operators with anomalous dimension. 

It is easy to relate operators of different type by superfield multiplication. By multi- 
plying a chiral (si, 0) by an anti-chiral (0, s 2 ) primary one gets a generic superfield with 
(si, S2), A = A c + A a and r = |(A C — A a ). By multiplying a conserved current superfield 
Ja 1 ...a 2ai ,ai~-a2s 2 by a chiral scalar superfield one gets a semi-conserved superfield with 
A = A c + 2 + si + s 2 (r = |(A - 2 - 2s 2 )). 

In a KK theory only particular values of (si, s 2 ) can occur, because the theory in 
higher dimensions has only spin 2, spin 3/2 fields and lower. This implies that for bosons 
only (0,0), (1,0), (0, 1), f|, |), (1, 1) representations and for fermions only (f,0J, (0, |), 
(| ; l) representations can occur. This drastically limits the spin of conformal 
superfields. Indeed, for chiral ones s = 0, |, while for non chiral si, s 2 < \- 



3.2 CFT analysis of AdS§ x T compact ificat ion 

In the conformal field theory which is dual to IIB supergravity on AdS^ x T 11 the 
basic superfields are the gauge fieldsQ W a of SU (N) x SU (N) and two doublets of chiral 
superfields A, B which are in the (N, N) and {N, N) of SU(N) x SU(N) and in the 
(l,0) r = 1, (0, \) r = 1 of the global symmetry group SU{2) x SU{2) x U R (1). At the 
conformal point these superfields have anomalous dimension A = 3/4 and i?-symmetry 
r = 1/2. The chiral W a superfield has A = 3/2, r = 1. 

Let us specify the superspace gauge transformations of the above superfields. Following 
PH] , we introduce Lie algebra valued chiral parameters Ai, A 2 of the two factors of Q = 
8 Below we use standard superfield notations pQ|. 
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SU(N) x SU(N). Then, under Q gauge transformations 



,Vi 

>v 2 

A 
B 



giAigVig— iAi 
e iA 2e V2 e -iA 2 



AAi 



Ae 

iA2 Be 



-iA 2 
-iAi 



(3.9) 



and we define 



W 2a 



DD (e v W a e- v i 
DD (e V2 D n e- V2< 



(3.10) 



where V\ and V2 are superfields Lie algebra valued in the two Q factors and V = V\ + Vz- 
Gauge covariant combinations are therefore 



W Q (AB) k 
W a {BA) k 
Ae v Ae~ v 
Be v Be- y 



W l a (AB) k 
W 2 a {BA) k 
Ae V2 Ae- Vl 
Be Vl Be- V2 



Formulae ( |3.11| ) and ( ^.13| ) transform as 

X — > e lAl Xe~ iAl 



while ( p. 12] ) and ( 3.14 ) transform as 



Y — > e lA2 Ye 



iA 2 v -iA 2 



We can multiply (|3~lp and (|314D as 



Ae V2 ABe~ V2 B 



which transforms as X or 



Be Vl BAe~ Vl A 



Vi 



(3.11) 
(3.12) 
(3.13) 
(3.14) 



(3.15) 



(3.16) 



(3.17) 



(3.18) 



which transforms as Y and thus build gauge covariant combinations as W^X or W^Y. 

If a symmetry A ^ B is required, then symmetrization exchanging ( |3.11 ) with ( |3.12j ), 
( |3~T3D with (|3TT4]) or (CT) with ( |3TT8|) will occur. 

We will now consider sets of towers of superfields, labelled by an integer number k 
which correspond to chiral and (semi-) conserved gauge invariant superfields and having 
therefore protected dimensions. As we will see in the next section, these conformal opera- 
tors are precisely those corresponding to AdS-KK states undergoing multiplet shortening. 

Let us first consider chiral superfields. There are three infinite sequences of them, 
corresponding to hypermultiplets and tensor multiplets in the AdS bulk. 
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They are given as 9 : 

S k = Tr{AB) k , A k = lk, r = k, k > 0, (3.19) 

T k = Tr (w a (AB) k ) , A fc = §(£; + 1), r = k + 1, fc > 0, (3.20) 

$ fc = Tr (w a W a (AB) fc ) , A k = 3 + \k, r = k + 2. (3.21) 

The series (|3.19|) was anticipated by Klebanov, Witten || and shown to occur in the 
KK modes of the supergravity theory by Gubser who also discussed descendants of 
the series (|3.21| ). 

The series ( |3.20| )- (|3.2l| ) have been constructed by the knowledge of the full mass 
spectrum and the shortening conditions^. 

It is useful to note that in the (|3.20|) and ( 3.21 ) towers, we find operators of the type 

B k af3 = Tr(F af3 (AB) k ), A k = 2 + (k > 0) (3.22) 

<p k = Tr(F a pF al3 (AB) k ), A k = 4 + -k, (3.23) 

as descendants. F a/3 , F^ refer in the spinor notation to the dual and anti-self dual parts 
of the field strength F^ u . 

Even more interesting is the appearance of (semi-) conserved superfields corresponding 
in the language of |Qj to semilong multiplets in AdS 5 . These superfields explain the ap- 
pearance of KK towers with (spin 1) vector fields and (spin 2) tensor fields with protected 
dimensions. 

In superfield language such fields are given by superfields containing terms of the form 

' = / = - r = k 
J k aa = Tr{J a MB)% [ ' % ' " (3-24) 

A = 3 + -k 

k 

, j — I + 1, I — — , r — k, 
J k = Tr(J(AB) k ), { o 2 (3.25) 

A = 2 + -k 



9 Here and in what follows we always mean symmetrized trace and symmetrized SU (2) x SU(2) indices. 
10 Chiral operators of the type Tr(W ai . . . W ap ) cannot appear in the KK spectrum for p > 2 since 
such operators have A = |p, r = p, j = I = and therefore are incompatible with the spectrum of the 
£7r(1) charge on T 11 (see next section). For p = 2 the chiral operators Tr(W ai W a2 (AB) k ) are allowed 
but they contain two irreducible parts: one symmetric ((1,0) spin one) and the other antisymmetric 
((0, 0) spin zero). However, following an observation of Aharony (as quoted in H]) only the scalar term 
is a chiral primary operator. This is due to the superspace identity 

DD [e v D a (e- v W fj e v ) e" y ] = [W a , Wp] , 

where the symmetry of the left hand side derives from the following superspace Bianchi identity 
e y jja ( e - v W ae v \ e - y — £) d (e v W a e~ v ) . Therefore, the other term is not chiral primary since 

Tr{W {a W 0) {ABf) = DDTr (e v D a {e- v Wpe v ) e~ v (AB) k ) . 
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= k + 2 

Tr{JW 2 (AB) k ) { " o 2 ' " (3.26) 



where 



Jad = W^W^, (A = 3), (3.27) 
J = A(e y A)e" v , (A = 2), (3.28) 



and satisfying 



D h J k a6l = 0, DDJ k = 0, DDI k = 0. (3.29) 
Analogous structures appear with B replacing A in ( 3.28T) and j <-> I in ( |3.25| ) and (|3.26|) . 



Note that the non gauge invariant operators in (|3.24j )- (|3.26|) behave as if they would 



have conformal dimension 3 and 2 respectively when the gauge singlet is formed. This 
is because the shortening condition implies that operators starting with structures as in 
( |3.24|) , (|3.25|) and (|3.26|) have dimension given by 3 + |/c and 2 + |fc and 5 + |fc respectively. 



The highest spin states contained in (|3.24|) , ( |3.25| ) and (|3.26|) are descendants with 



spin 2 and A = 4 + ~k, spin 1 with A = 3 + |/c and spin 1 with A = 6 + ~k. These 
are massive recursions of the graviton, massless gauge boson and massive vector fields 
respectively. The AdS masses of the above states are given by 



spin 2: M k = J \k ( \k + 4 ) , (3.30) 



2 V2 



spin 1: M k = J-k f-Jfc + 2), (3.31) 



2 V2 



spin 1: M k = J {^k + 5^ {ht + 3) . (3.32) 

The first two masses vanish for the k = level corresponding to the conserved currents 
TrJ a a, TrJ of the super conformal field theory with flavour group G = 577(2) x 577(2), 
while the third mass does not vanish at k = 0. 

For the spin 3/2 massive tower we do not expect to get vanishing gravitino mass when 
k = 0, since the massless gravitino is already contained in the graviton tower. In spite of 
this, there are semi-conserved superfields corresponding to shortened massive gravitino 
towers. 

These are 

I} k = Tr(e v W»e- v (AB) k ),\ I 2 L iAr K ~ L ' k>0, (3.33) 




Lf = Tr(e v W & e- v W*(AB)*),\ £ Z \ + \k k + 1 ' (3-34) 



and 



Lf = Tr (W a (Ae v Ae- v ) (AB) k ) , { [ " [ + + \_ k r ~ k + ^ (3.35) 
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which satisfy D a L dl = and D 2 L a = 0, respectively. 

We note in particular that the tower analogous to (|3.33|) , in type IIB supergravity on 
AdS 5 x S 5 is |, [H, 0, M 



Ik 



Tr(e v W & e 



-v , 



(3.36) 



in the fc-fold symmetric of SU(3). For k > 1 these superfields are semiconserved but for 
k = 1, unlike in our case, they become conserved, corresponding to the fact that on S 5 
an additional SU (3) triplet of massless gravitinos is required by M = 4 supersymmetry. 
In this case the exact operator L^ 1 is 



Li 



ii 



Tr 



[e v W & e- v <j> a ) + D«{e v fte- V ) (e v ^e~ v ) e abc 



which satisfies 



a t 11 



D a L 



2 r 11 







as a consequence of the equations of motion for W a , 4> a and the identity 



D' 



(3.37) 
(3.38) 

(3.39) 



The above superfields ( |3.33j )-( P.35| ) are the lowest non-chiral operators of more general 
towers with irrational scaling dimensions described by 



r\Ynk 
^ a 

02nk 



/~\'ink 
^ a 



Tr [e v W a e- v {Ae v Ae- v ) n {AB) k ) , 
Tr (e v W & e- v {Ae v Ae- v ) n W 2 {AB) k ) , and 
Tr (W a {Ae v Ae- y ) n (AB) h 



with G representation 



r\\nk 
^ a 

s-\2nk 



% +n h 



' 2 ' 



n, -I 



' 2 ' 



r = — 1, 
r = fc + 1, 



O 



'Ank 



(1 + 

(| + n, |), r = /c + l. 



(3.40) 
(3.41) 
(3.42) 



(3.43) 
(3.44) 
(3.45) 



The multiplets in (gT9|) -(g^TD, (|3~2l)- (|3~26|) and (^33l)-(F35|) are shortened multi- 
plets with protected dimensions because of supersymmetry through non-renormalisation 
theorems. However we will see that a peculiar phenomenon of Af = 1 which can be 
learned from the AdS/CFT correspondence is that there exist also infinite towers of long 
multiplets with rational dimensions which in principle are not expected to have protected 
dimensions . 

A typical tower which is not expected to have protected dimension is the massive 
tower 

Q k = Tr{ W 2 e v W 2 e- y (AB) k ) (3.46) 
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which contains the descendant Tr(F a pF al3 F^gF al3 (AB) k ) . Supergravity predicts for it 



A = 8 + ffc 



We just note that the analogous operator in type IIB on AdS 5 x S was a descendant 



of a chiral primary (showing up at first at p = 4 level |Tj, |1| [17], P6[ ) and therefore having 
protected dimensions because of Af = 4 supersymmetry [|4[ |43|] . 

The identification of such long multiplets with superconformal operators will be given 
in the next section. Operators whose i?-symmetry is not related to the top components 
of one of the two SU(2) factors (see section 4) are for instance towers of the form 



Tr 



(Ae v Ae~ v ) ni (e v Be~ v B) n2 (AB) k , (3.47) 



which have j = | + n l5 I = | + n 2 and r = k. These operators have all irrational 
dimensions unless ni, n 2 are consecutive terms in a particular sequence described in [ |i~3|j . 

It is worthwhile to point out that in this gauge theory we have no realisation of the 
semi-chiral superfields described before and indeed we do not find on the supergravity 
side any shortened multiplet satisfying the r = |(-E , + 2s 2 ) condition (s 2 ^ 0). The reason 
is that such superfield correspond to non-unitary modules. 

4 AdS/CFT correspondence 

In section 2 and 3 we have described the KK spectrum with its multiplet structure and the 
CFT operators with protected dimensions. We would like now to present the multiplet 
shortening conditions and analyse the correspondence of these states with the boundary 
field theory operators shown in the last section. This is an important non-trivial check 
for the AdS/CFT correspondence. On the other hand, supergravity seems to suggest 
additional dynamical inputs to the extent that it predicts that certain towers of long 
multiplets have rational dimensions, suggesting the presence of some hidden symmetry. 
This latter may perhaps be explained in the context of Born-Infeld theory which relates 
D-brane dynamics to AdS supergravity in the large N limit. 

From the point of view of the SU(2, 2|1) multiplet structure, the shortening conditions 



correspond to saturation of some of the inequalities describing the unitarity bounds |22 
These become relations between E and the other S77(2,2|l) quantum numbers. 

In the KK context, we do not know a priori the multiplet structure of the KK states 
and the shortening conditions merely derive from the disappearance of some harmonics 
in the field expansion. This reduces the rank of the mass matrices and thus some of the 
states drop from the multiplet. The relevant fact is that these shortening conditions must 
be in one to one correspondence with those deriving from the SU(2, 2|1) group theoretical 
analysis. 

As discussed in the previous section, the shortening conditions can be read as the 
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following relations on the SU(2, 2|1) quantum numbers already given in section (3.1) 

3 



(anti-) chiral 
conserved 
semi-conserved 



E 

Eq 
Eq 



3 

+ -r 
2 



-r 



2 

+ Si + s 2 , 
r + 2s 2 + 2 



(or s 2 



3 

= -r, 
2 ' 

si,r 



— r 



(4.1) 
(4.2) 
(4.3) 



This means that the corresponding conformal dimension must have a rational value. 
As it can easily be seen from the mass spectrum presented in section two, this implies 
that only for specific G quantum numbers we can retrieve such short multiplets. Actually, 
a rational scaling dimension can be found only if H Q (j,l,r) + 4 is a perfect square of a 
rational number. Two possible sets of values for which such a condition is satisfied are: 



J 



I 



j =1-1= 
We will also examine briefly the case 

3=1 



-or 



k 

~ 2 

l = j-l 



k 
2 



r - 2 



r > 2, 



(4.4) 
(4.5) 

(4.6) 



which for most multiplets leads to a violation of inequality ( |3.2|) , but in one case gives a 
consistent shortening of the vector multiplet III. We will show that these three cases are 



the relevant ones. Indeed, in the first case H (j, I, r 
3 



9 



r 2 + 6|r| and thus H (j, I, r) +4 



r 






-) 


2 




r 


+ 4 ) 




2 



2 I , in the second H (j,l } r) 



r 2 + 12|r| + 12 and thus H Q (J,l,r) + 4 



+ 4 I , while in the third case we have Ho(j, /, r) 



9 2 
4 r 



-6r and thus H Q (j, I, r)+4 



r 
3 2 



Of course there are other possible solutions, but we will see that only those presented 
above correspond to multiplet shortening. 

Looking at the tables 2-10 we see that for the graviton and type I and II vector 
multiplets (V.M.) Eq is given in terms of Ho(j,l,r) while for gravitino multiplet of type 
I, IV and II, III Eq is given in terms of Hq = Ho(j, I, r =F 1) respectively. Analogously, for 
the type III and IV V.M., E is given in terms of = H (j, I, r ± 2) respectively. As a 
consequence the conditions for rational values of Eq (protected dimensions) are different 
for different multiplets. 

Let us examine the conditions ([4.4[),(^5]) and ( Op separately. 
Condition (|4.4|) for the various multiplets reads 



Graviton and type I and II V.M. 



J 



I 



k 
2' 



(4.7) 
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type I gravitino j 

type II gravitino j 

type III gravitino j 

type IV gravitino j 

type III V.M. j 

type IV V.M. j 



r — 1 



2 

r + 1 



2 

r + 1 



2 

r — 1 



2 

r + 2 



2 

r - 2 



2' 

fc 
2' 

fe 

2' 

A- 

2' 

k 

2' 

2' 



(4.8) 
(4.9) 
(4.10) 
(4.11) 
(4.12) 
(4.13) 



Here k e Z + identifies the SU(2) x 577(2) representations of the multiplet; it is obvious 
that all the multiplets obeying condition fl4.4| ) are in the irrep (|,|). 

Substituting in the Eq value of the multiplet given in tables 2-10 H + 4, Hq + 4 and 
J ff ±± + 4 with ( |/c + 2^ we find the following values of Eq for the various multiplets 



Graviton multiplet Eq = -k 

2 



type I L.H. gravitino Eq = -k + 



(4.14) 
(4.15) 



type II L.H. gravitino Eq = -k + 



-r + 6 



(4.16) 



type III R.H. gravitino Eq = -k + 



(4.17) 



type IV R.H. gravitino Eq = —k + 



(4.18) 



type I V.M. Eq = -k 
3 

type II V.M. Eq = -k + 6 



(4.19) 
(4.20) 



type III V.M. Eq = -k + 3 



(4.21) 



type IV V.M. Eq = -k + 3 



(4.22) 



where the upper and lower choices on the right hand side refer to positive or negative 
arguments of the absolute values in (fOj)-( f4"T3] ). 
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Using (|4.1| )- (l4~3| ) we see that under condition Q4.4Q we obtain: 



a chiral tensor multiplet from type I L.H. gravitino (|4 . X 5|) (or an antichiral one from 
type III R.H. gravitino); 



one hypermultiplet (for both signs of r) from type I V.M (|4.19| ), and another hy- 
permultiplet from type IV V.M. (|4.22|) (or from type III V.M if r < -2) ; 



a semilong graviton multiplet from (|4.14j ) (for both signs of r); 
two semilong gravitino from type III and IV (or from type I if r < 1 and type II 
if r < — 1 respectively), and IV R.H. gravitino multiplets from the two equations 
(1417|) and ( jap . 



For k = (G-singlet), we also obtain from (|4.14| ) a short massless graviton multiplet 
with E = 3, r = 0. In this case only four states survive: the massless graviton, 
two massless gravitini (with r = ±1 depending on the chirality), and one massless 
vector. This latter, being an SU(2) x SU(2) x Ur{\) singlet, must be identified with 
the .R-symmetry Killing vector. 



Note that ( [4.16|) , ( |4.20|) and (|4.21|) do not correspond to any shortening condition, yet we 
have a rational value of Eq belonging to a long multiplet. 

It is now easy to find the correspondence between the supermultiplets obeying con- 
dition (|4.7| )- (|4.13j ) and the primary conformal superfields on the CFT side discussed in 
the previous section. Given the values of Eq and k (or r) we have immediately that the 
two hypermultiplets from ( |4.19|) and ( f4.22|) are in correspondence with the chiral super- 
fields S k and $ fc ( 3.19|) and (|3.21|) ; the tensor multiplet from ( 4.15 ) corresponds to the 
chiral superfield T k of (|3.20| ); the semilong graviton multiplet from (^4.14|) , associated with 
the semi-conserved superfield of (|3.24j ) (in particular the massless graviton multiplet 
{k = in (14.i4|) ) corresponds to the conserved superfield J^a); finally, the two semi- 
long gravitino multiplets from fl4.17|) and fl4.18|) can be put in correspondence with the 
semi-conserved superfields L\ and L 2k of ( |3.33|) and (|3.34|) . 

We note that the type I vector series in Table 7 for j = I = r = 0, see (|4.19|) , 
degenerates into the identity representation, since Eq = 0. However, as follows from the 
same table, another unitary representation, a massless vector multiplet, appears in the 
spectrum. Indeed, for j = I — r — 0, the multiplet bosonic mass squared eigenvalues are 



m 



(i) 



0, mf m = 0, m?^ = —3, m?^ = —4. The eigenvalue mf 0) = gives two possible 



'(o) 



*(0) 



(0) 

values for Eq: Eq = and Eq = 4. If we choose the Eq = branch, the other modes 
(scalars with Eq = 1,2 and vector with Eq = 1) are gauge modes and decouple from the 
physical Hilbert space, thus the multiplet is a gauge module f44|. If we choose the Eq = 4 
branch, we get a unitary representation with a scalar with Eq = 2 and a vector with 
Eq = 3 as physical states, while the other modes (scalars with Eq = 3, 4) decouple from 
the physical Hilbert space. This massless vector multiplet is the so called Betti multiplet 
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of KK supergravity, related to the fact that a (p+ l)-form (in this case p = 3) couples to a 
p-brane wrapped on a non-trivial p-cycle which in this case is related to 63 = 1, the third 
Betti number of T 11 H33| , |45| . The general occurrence of such Betti multiplets in the KK 
context was widely discussed in |38| . In the case of AdS^ x M 111 , such a multiplet is related 
to 62 — 1 @> corresponding to the M-theory three-form with one component on AdS± 
and two components on M 111 and it was found in the KK context in [20] . Incidentally, in 



the language of ||7|, the Betti massless vector (-0(3, 1/2, 1/2) ) is a zero center module 11 
of the conformal group £77(2,2), since all the Casimir vanish Cj = Cu = Cm = as is 
the case for the identity D(0, 0, 0),the gauge module D(l, 1/2, 1/2), the massless scalars 
7_}(4, 0, 0) appearing in the hyper multiplet S for k = (|3.19|) and the spin one singleton 
D(2, 1,0) + D(2, 0, 1) representations @, 0, |49| . The geometrical origin of this gauge 
field coupled to a wrapped D3 brane on T 11 has recently been discussed in together 
with its interpretation as baryon current in the AdS/CFT correspondence. 
The boundary superfield corresponding to the Betti multiplet is 



U = Tr Ae v Ae~ v - Tr Be v Be 



-v 



(D 2 U = D 2 U = 0). 



#=0 



AA - BB with E< 







m 



(i) 



(4.23) 

-4) and the 
0) pi. Note that 



(0) 



Its = component is a scalar U 

baryon current is the Qo^Q component with A = Eq + 1 = 3 
all KK states are neutral under the C/b(1), and thus it lies outside the T 11 isometry. 

Beside shortened multiplets, there are CFT superconformal operators with rational 
dimensions that are associated with the long multiplets of ( |4.16| ),( P~2"(]| ) and ( |4.21| ). Indeed 
we may construct the following superfieldsQ all in the (|, |) of G: 



Q k 
R k 



Tr (W a 
Tr (W 
Tr (t 



e v W 2 e- v 



2 - v W 2 e 



e v W 2 e- y (AB) 



(AB) k 
(AB) k ) 



A 



3, 9 
-k + -, 

2 2' 



A 



A = -k + 6, 
= -k + 3, r 



k 



k - 1, k > 0, 
k, 

-2, k > 0. 



(4.24) 
(4.25) 
(4.26) 



Let us now discuss the shortening conditions when the G-quantum numbers satisfy con- 
dition pop . 

In this case (|4.7|)-( [P3"D are replaced by the analogous equations 

k 



Graviton and type I and II V.M. 

type I gravitino 
type II gravitino 



1=3-1 



1=3-1 



1 



2 

r + 1 



k 

2 : 

k 

2' 



(4.27) 
(4.28) 
(4.29) 



11 A zero center module also appears in the graviton multiplet of the 0<Sp(6|4) superalgebra p7| . In 
fact this multiplet contains an 0(6) singlet massless vector other than the 0(6) gauge fields. This agrees 
with the geometrical interpretation of Af — 6 supergravity as the low-energy limit of type II A string 
theory on AdS^ x CP 3 , the latter being obtained by Hopf reducing M-theory on AdS± x S 7 p8[. 
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The Q massive tower was also considered in |1J 
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type III gravitino I = j — 1 

type IV gravitino I = j — 1 

type III V.M. 1=3-1 

type IV V.M. 1=3 - I 



r + 1 



2 

r — 1 



2 

r + 2 



2 

r - 2 



2' 
k 

r 
k 

2' 

A- 

2' 



(4.30) 
(4.31) 
(4.32) 
(4.33) 



(or j <-> /) where all the states have the representation (| + 1,|) if j = I + 1 or in the 



;f,f + i) if z = j + 1. 



Proceeding as before we now substitute H + 4, + 4, + 4 with (| A: + 4^ in the 
JT'o-value of the various multiplets given in tables 2-10 and we obtain for each multiplet 
the following rational values of E : 



Graviton multiplet 


Eq 


3, 

= 2* + 5 


3 

= ^r + 5, 


(4.34) 


type I L.H. gravitino 


E 


= h+ 7 - 
2 2 


3 

^2 r + 2 ' 


(4.35) 


type II L.H. gravitino 


E ~- 


3, 13 

= -Ah — 

2 2 


= r +8 ' 


(4.36) 


type III R.H. gravitino 


E 


3, 7 
= -k + - 
2 2 


3 

= 2 r + 5 ' 


(4.37) 


type IV R.H. gravitino 


Eq z 


3, 13 

= -Ah — 

2 2 


3 

"2 r + 5 ' 


(4.38) 


type I V.M. 


Eq 


= 3 - k + 2 


3 

= -r + 2, 
2 


(4.39) 


type II V.M. 


E 


= §* + 8 


3 

= 2 r + 8 ' 


(4.40) 


type III V.M. 


Eq 


= 3 - k + 5 




(4.41) 


type IV V.M. 


Eq 


= 3 - k + 5 


= -r + 2, 
2 ' 


(4.42) 



where we have limited ourselves to the positive branch of the expressions in the absolute 
values appearing in fl4.28|) - (fL33p . 

By (|4. If) we see that there are no chiral super multiplets when condition (|4.5|) holds. 
However we have that ( [4.35| ), ( |4.39| ) and ( |4.42|) give the condition (|4.3|) for semilong multi- 
plets, all the other values of Eq corresponding to long multiplets with rational dimensions. 

Thus we have: one semilong type I L.H. gravitino corresponding to the semi-conserved 
superfield ( p.35| ); one semilong type I V.M. corresponding to the semi-conserved super- 
field J k of (|3.25|) which, in the particular case k = 0, becomes a conserved superfield 
J corresponding to the massless type I V.M. with Eq = 2, r = (these correspond to 
the 577(2) x SU(2) Killing vectors); one semilong type IV V.M. corresponding to the 
semi-conserved superfield I k of Q3.26j ). 

Furthermore we have long multiplets from (fO§), flOSD , (|Q7D , ( ^38|) , dOq) ,(^4TD 
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corresponding respectively to the following superconformal fields with rational dimensions 

C k = Tr (Ae v Ae~ v J a& {AB) k ) , E = -k + 5, r = k, (4.43) 

D k = Tr(w a e v W 2 e- y Ae v Ae- v (AB) k ) , E = ^k + y , r = Jfe - 1, (4.44) 

£ fc = Tr(w 2 e v W 2 e- v Ae v Ae- v {AB) k ) , E = -k + 8, r = Jfc, (4.45) 

F fc = Tr (e y WV y Ae v A e - y (AB) fe ) , E = -k + 5, r = jfe - 2, (4.46) 

G k = Tr(e v Wae- v Ae v Ae- y (AB) k ), E — ^k + ~, r = jfe - 1, (4.47) 

77 fc = Tr (e v W" d e- v W 2 Ae v Ae- y (AB) fc ) , £ = ^jfc + — , r = jfc + 1. (4.48) 

It must be noted that G k coincides with 0]^ k for n = 1 and H k coincides with a nfe for 
n — 1. Moreover, 7J> fc coincides with the operator 2 t nfc for n = 1 and fc = 0. 

Inspection of the above list shows that these families are the lowest dimensional oper- 
ators of a given structure, with building blocks given by W a , A, A, B and B. 

It should also be stressed that, although these operators have given quantum numbers 
of SU(2) x 577(2), and of SU(2, 2|1) E , si, s 2 , r, we have not discussed the most general 
form of these operators due to further mixing in terms of the constituent singleton fields 
W a , A, B. For instance, we have not written terms involving D a A or D a B, which certainly 
occur in the completion of some of the above operators (For example the ones including 
J k & which contain both W a Wa and D a ADaA (or A <-> 77)). 

Finally, we analyse the (|4.6|) condition. In this case the only multiplet which does 



not violate the (|3.2j ) inequality is the type III vector multiplet, for which we get Eq = 
3 

—r+2. This apparently could be interpreted as shortening to a semilong vector multiplet. 
However, the states of such multiplet do not appear in the KK expansion, while the states 
which are complementary to them form a chiral hypermultiplet which is allowed by the 
KK analisys^. Its lowest state is the field with E^ = E + 1 = ^ ri " s \ which is indeed 
the group theoretical condition for the shortening to a chiral multiplet of the type given 



in ( |3.19|) . The k = (r s = 2) chiral multiplet has as last component a complex massless 
scalar related to the A a b 2-form wrapped on the non-trivial 2-cycle of T 11 , giving a second 
complex modulus other than the dilaton B for type IIB on AdS^, x T 11 . Note that there 
is another massless scalar in the serie S (|3.19|) for k = 2. This corresponds to the spin 



j — I — 1 in the harmonic expansion in the internal metric h a b- 

We would also like to remark that there are many more operators in the gauge theory 
which do not correspond to any supergravity KK mode, even though these multiplets may 



13 Physically, the exclusion of the semilong multiplet can also be seen by the fact that it would contain 
an additional massless vector for j = I = r = which do not correspond to any symmetry besides the 
isometry and barion symmetry. 
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have spin less than two. A typical example is the Konishi (massive vector) superfield 



50 



K = Tr{Ae v Ae- y ) + Tr{Be v Be~ v ) (4.49) 



with r = and in the G-singlet j = I = 0. 



This superfield has anomalous dimension [42|. However, inspection of the supergravity 



spectrum, shows that the multiplets with j = I = r = must have rational dimension 
and indeed they were identified with Q k=0 in ( 3.46|) with Eq = 6 and the Betti multiplet 
U in §[23]) with E = 2. 

This state of affair is resolved by the fact that K is expected to have a divergent 
dimension A in the large AMimit, as presumably happens in the M = 4 theory so that it 
should correspond to a string state. 

The Konishi multiplet [j5(J is a long multiplet whose D 2 is a chiral superfield which 
is a linear combination of the superpotential W = e lJ e kl Tr(AiBkAjBi) and Tr(W a W a ). 
This implies that neither W nor Tr(W a W a ) are chiral primaries but rather a combination 
orthogonal to DDK. It is the latter superfield which appears in the supergravity spectrum 
and coincides with the chiral dilaton multiplet $ fc with k = 0. This is an example of 
operator mixing alluded before. 

Finally we observe that the knowledge of the flavour and i?-symmetry anomalies in 
the gauge theory allow one to completely fix the low energy effective action of Type IIB 
supergravity on AdS$ x T 11 at least in the sector of the massless vector multiplets || . In 
fact this relies on the computation of the bulk Chern-Simons term of the several gauge 



factors involved [^T|] 



^aea J F A A F E A A A . (4.50) 

where A = 1, . . . , 8 with U R (1), U b (l) and SU A (2) x SU B (2) gauge factors. 

Because of the AdS/CFT correspondence, the gauge variation of such Chern-Simons 
terms must precisely match, at least in leading order in N, the current anomalies of 
the boundary gauge theory || ^ Q [H| Moreover the mixed gravitational gauge 
Chern-Simons terms 

ca / A A ATr R A R, (4.51) 



(where A here runs only over the U(l) factors of the bulk gauge fields) should be non- 
leading since they are related to string corrections in the AdS/CFT correspondence [Q. 
Because of the particular matter content of the model [[J, all coefficients are in principle 
proportional to A^ 2 and thus leading in the AdS/CFT duality. 

So it is crucial that c\ = 0, i.e. that Ur(1), £4(1) are tracelessJTB|. The only non- 
vanishing g?a£A coefficients are 

drAA = d r BB, dbAA = —dbBB, d rrr , d r bb (4-52) 
and thus they determine (up to two derivatives) the low energy effective action. 
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Appendix A: Notations and Conventions 

Consider AdS 5 x T 11 . We call M,N the curved ten-dimensional indices, pL : u/m,n the 
curved/flat AdS 5 ones and a(3/a, b the curved/flat T 11 ones. In the four dimensional CFT 
a, . . . and a, . . . are spinorial indices. 

Our ten-dimensional metric is the mostly minus i] = {H — ...—}, so that the internal 
space has a negative definite metric. For ease of construction, we have also used a negative 
metric to raise and lower the 577(2) x SU(2) Lie-algebra indices. 

Furthermore, for the SU(2) algebras we have defined e 123 = e 12 = 1. 

The SO (5) gamma matrices are 



/ i 



7s 





< 


1 \ 




t 


-i \ 


7i = 


1 

-1 




72 = 


i 

i 






v -1 


/ 




\ -i 


/ 




/ 1 






/ i 
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73 = 


-1 


-1 


74 = 
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V i 
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V i 





(A.l) 
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